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Abstract 
We report a theoretical study of the critical thickness for a broken time-reversal state that may arise in d-wave superconducting films. 
By examining the effect of the Fermi surface shape on the critical thickness on the basis of a square lattice tight-binding model, we 
found that a substantial reduction of the critical thickness occurs near the half-filled limit. This result indicates that the Fermi surface 
nesting causes the area of the broken time-reversal superconducting phase to extend to a smaller thickness region in the thickness-
temperature phase diagram. 
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1. Introduction 
The d-wave gap function in thin films is significantly suppressed by surface scattering. Because of the pair breaking, 
d-wave superconducting films have a critical thickness at which a normal-superconducting transition takes place. The 
critical thickness shows a reentrant behavior as a function of the temperature T [1]. A similar reentrant behavior can be 
found in the T dependence of the critical magnetic field in bulk superconductors. In this case, an inhomogeneous 
superconducting state, called the Fulde–Ferrell–Larkin–Ovchinnikov (FFLO) state, appears at low temperatures with a 
higher critical field than in the conventional homogeneous state in the bulk [2,3]. 
Recently, Vorontsov found that the d-wave superconducting films exhibit an inhomogeneous superconductivity 
analogous to the FFLO state [4]. In that state, the continuous translational symmetry is spontaneously broken along the 
surfaces of the film. Moreover, the time reversal symmetry is simultaneously broken and spontaneous currents arise in 
the film. 
In this theory, the Fermi surface is assumed to be isotropic. Notably, the critical field for the FFLO state is strongly 
affected by the Fermi surface structure [5-7]. To account for the Fermi-surface effect, Shimahara introduced the concept 
of Fermi surface nesting [8]. It was shown that the FFLO critical field is substantially enhanced owing to the Fermi 
surface nesting in one- [9-11] and two- [8,12,13] dimensional superconductors. The present work investigates how the 
Fermi surface nesting modifies the T dependence of the critical thickness in two-dimensional (2D) superconductors with 
d-wave symmetry.  
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Fig. 1. Geometry for the d-wave superconducting film considered in our calculation. 
 
2. Formulation 
We consider a superconducting film of tight-binding electron systems on a square lattice with the dispersion [6] 
 2 [cos( ) cos( )] ,t[ P     p p a p b   (1) 
where μ is the chemical potential. The limit of μ → − 4t corresponds to the isotropic (circular) Fermi surface, while the 
limit of μ → 0 leads to a square Fermi surface. By controlling the chemical potential μ, we can gradually change the 
Fermi surface shape from circular to square. The film of the 2D electron system is assumed to have a geometry such 
that the two parallel surfaces along the x axis are located at y  rD / 2 (Fig. 1). 
Here, the d-wave gap function of interest is the same as in Ref. [4], i.e., 
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where R = (x, y), and γ(p) = sin2φp expresses the angular dependence of the gap function on the Fermi surface. The 
angle φp of the momentum p is measured from the x axis. The gap function oscillates along the direction parallel to the 
surface with a wave number qx. The y-wave number qy = S/D accounts for the pair breaking due to the surface scattering. 
Equation (2) is a self-consistent solution of the linearized gap equation for the d-wave superconducting film with 
specular surfaces at y  rD / 2  [1, 4].  
The linearized gap equation leads to 
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with ηq = vF(φp)∙q/2. Here, Tc is the transition temperature of the bulk d-wave superconductor, εn = πT(2n+1) is the 
Matsubara frequency, vF(φp) is the angle-dependent Fermi velocity,  denotes the φp average, and ρ(0,φp) is the 
Fermi surface value of the density of states defined through 
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Equation (3) determines the critical thickness Dc(T,qx) at which the normal state becomes unstable. The normal-
superconducting phase boundary in the D-T phase diagram corresponds to the Dc(T,qxop) line, where qxop is an optimum 
value of qx that minimizes the critical thickness at a given temperature.  
3. Results and discussion 
In Fig. 2, we plot the numerical results of the phase boundary for μ = −3.9t. This value of μ corresponds to a nearly 
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isotropic Fermi surface. The vertical axis is qy[0y = S[0y/D with the coherence length ξ0y ≡ < |vFy(φp)| ˃/2πTc. The 
horizontal axis is the reduced temperature T/Tc. The solid line is the result for the superconducting state with optimum 
qx and the dotted line is that for the homogeneous (qx = 0) state. Below the tricritical temperature T*≈ 0.43Tc, the finite 
qx state appears, in qualitative agreement with the result in Ref. [4]. Figure 3 shows the phase diagram for the case of a 
nearly square Fermi surface with μ = −0.05t. The critical thickness is remarkably reduced when compared with the 
result in Fig. 2. Moreover, the tricritical point shifts to higher temperature.  
We calculated the P dependence of 1/Dc(T,qxop) at T = 0 and found that it diverges in the limit of μ → 0. This 
remarkable behavior can be accounted for by introducing the concept of Fermi surface nesting. The condensation 
energy lost by the surface pair breaking can be compensated by inducing the modulation along the surface so that the 
condition [p+q – [p = 2ηq = 0 is satisfied on the Fermi surface. This condition is fulfilled on lines for the square Fermi 
surface (perfect nesting), whereas only on points for the circular Fermi surface (Fig. 4).  
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Fig. 2. Phase diagram for μ = −3.9t. The solid and dotted curves are the results for the qx z 0 and qx = 0 states, respectively. The inset shows the 
temperature dependence of the optimum qx. 
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Fig. 3. Phase diagram for μ = −0.05t. The solid and dotted curves are the results for the qx z 0 and qx = 0 states, respectively. The inset shows the 
temperature dependence of the optimum qx. 
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Fig. 4. Fermi surface nesting for (a) the circular Fermi surface and (b) the square Fermi surface. 
4. Conclusion 
We have discussed how the normal-superconducting phase boundary in d-wave superconducting films is modified 
depending on the Fermi surface shape on the basis of a 2D square lattice model. We found that the critical thickness is 
reduced substantially near half-filling where the Fermi surface is almost square shaped. This result can be understood as 
a consequence of the Fermi surface nesting. 
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